The relativistic correction to the color singlet channel for J/ψ photoproduction is calculated in the NRQCD factorisation formalism. The formalism provides a consistent framework for systematically computing production rates for quarkonia in terms of a series of non perturbative matrix elements defined within NRQCD. The correction appears at O(v 2 ) according to the scaling rules of NRQCD. For the energy distribution, the correction is found to be negative for certain kinematic regions, leading to a decrease in the differential cross section, which is noticeable at HERA energies.
I. INTRODUCTION
Recently our understanding of quarkonium systems has grown rapidly through theoretical progress: a factorization of production rates of quarkonia has been proposed based on non relativistic QCD(NRQCD) [1] . In this factorization, predictions for quarkonia production are obtained by perturbative calculations of production of a free heavy quark pair QQ and by a series of NRQCD matrix elements describing the transition of this pair into a quarkonium, in which one uses the fact that the heavy quark moves with a small velocity, v in the rest frame of the quarkonium and therefore an expansion in v is possible. Predictions based on this factorized form take not only the effects of a heavy quark pair, which have the same quantum numbers as those of the quarkonium into account, but also those effects from other possible components of the quarkonium with different quantum numbers, such as a heavy quark pair in a color-octet state. Although effects of color-octet states for J/ψ production are at higher orders in the small velocity expansion than that of a color-singlet state, they can be significant phenomenologically and can even overwhelm those of the colorsinglet states in certain kinematic regions. Actually, after including the effect of color-octet states, the Tevatron data on prompt charmonium production can be fitted well to theoretical predictions [2] .
Photoproduction experiments where single quarkonium are observed in the final state has been used as a probe of QCD for a number of years. In such experiments, a photon, almost on-shell, collides with a hadron and both short and long distance physics of QCD need to be considered in analysis of such processes. This has been done within the color singlet model [3] , and more recently considered in the context of NRQCD factorisation [4] , the leading term of which coincides with the color singlet model. The channel in which the the intermediate heavy quark pair is in a color singlet state together with next to leading order QCD corrections to this channel [5] , seems to reproduce a large proportion of the data at the HERA and EMC experiments. Besides possible corrections introduced by finite orders of perturbation theory, there are many other uncertainties in theoretical predictions such as uncertainties in parton distributions, higher twist effects [6] and the value of the charm quark mass. Another class of uncertainties are the relativistic corrections to the cross sections. Within the factorisation formalism, these corrections take the form of matrix elements which are suppressed by some power of v relative to the leading order color singlet contribution. Among these are contributions in which the quarks are in color octet states.
These color octet channels, which are important for predicting the rates at hadroproduction experiments, seem to significantly overestimate the rates in photoproduction. It is possible that the color octet matrix elements, which were obtained by fitting to the Tevatron data, were overestimated due to QCD corrections not being considered. Moreover, some of the octet contributions seem to be badly divergent in certain phase space boundaries. The authors in [7] have suggested this is due to the NRQCD expansion breaking down in these kinematic limits. They have proposed a re-summation of the non-relativistic expansion involving universal shape functions.
The contribution from color octet states are at order of v 4 in the small velocity expansion, relative to the leading order of color singlet contribution at order of v 0 . Beyond the order of v 0 there are contributions from the relativistic corrections to the color singlet channel.
The purpose of this paper is to examine the relativistic correction at order of v 2 for the photoproduction of J/ψ. Previously, the correction was studied by models which attempted to describe the effects of the finite velocity of the heavy quarks in the rest frame of the hadron. The work by Jung et. al. [8] , a one parameter model, found an enhancement of the energy distribution at large values of z. The two parameter model in [9] seemed to reach a similar conclusion for certain values of their parameters. Within NRQCD factorisation, the correction is described by an additional matrix element which is suppressed by v 2 relative to the leading order contribution. It has been pointed out by Bodwin et. al. [1] , that such corrections, owing to the NRQCD scaling rules [10] , can be as important as radiative corrections to the leading order term in the non relativistic expansion. Our analysis uses perturbative matching techniques to expose all the relevant v dependence before factorizing them into the the non-perturbative matrix elements. The difference between our approach and the study in [8] will be discussed in some detail. In the next section the details of the calculation and the result will be presented. In Section 3 the numerical results are given.
Section 4 is the conclusion.
II. PHOTOPRODUCTON
The inclusive cross section for J/ψ photoproduction within the NRQCD factorization may be written,
The coefficients F n describes the production of a cĉ in a process in which a photon, γ and a parton, a from the hadron, are in the initial state. m is the mass of charm quark.
The production is a short distance process and is therefore calculable in QCD perturbation
specifies the spin, s, orbital angular momentum, L and the total angular momentum, J of the cc. The 1 or 8 means that the pair may be in a color singlet or color octet state. The matrix elements 0|O
J/ψ n |0 , of mass dimension d n describes the subsequent hadronization of the cĉ in the state n, into the bound state. Note that although J/ψ is identified as a cc mainly in a 3 S
1 configuration, the short distance process may produce a heavy quark pair which is not in a 3 S
1 state then evolves into the physical hadron. This is allowed because formation of the bound state may involve the emission of soft gluons which returns the pair into the appropriate spectroscopic configuration. The relative importance of various terms in the sum in eq. (1), may be determined by how each term in the sum is suppressed by powers of the strong coupling constant, α s and the velocity of the heavy quark in the rest frame of the quarkonium, v. For J/ψ, v 2 ≃ 0.3. The dominant contribution to the short distance part of the cross section with non negligible transverse momentum is the photon-gluon fusion subprocess,
which is represented in fig.1 (a) and fig.1 (b) at leading order in QCD perturbation theory.
Both diagrams allow the heavy quark pair to be produced in color octet states, while only fig.1 (a) allows the the cc to be in color singlet states. Subprocesses involving light quarks in the initial state have been shown to be considerably suppressed. Resolved processes in which the photon breaks up into partons, which subsequently interacts with a parton from the nucleon have been analysed within NRQCD factorisation [14] . These are important in the kinematic regime z ≤ 0.3 , where z is the fraction of the energy transferred to the J/ψ by the photon in the nucleons rest frame.
The formation of J/ψ from a cc at leading order in the small velocity expansion is described by the matrix element,
where H stands for J/Ψ. The fields ψ and χ respectively annihilate a heavy quark and creates a heavy anti-quark. The matrix element is proportional to the rate of production of a J/ψ from the NRQCD vacuum via an intermediate state in which the heavy quark pair is in a 3 S
(1) 1
configuration. S represents light hadrons in the final state which are summed over. Since the helicity of the J/ψ is not observed, the summation over spin states of J/Ψ is implied.
The relativistic correction for the formation of a J/ψ via this color singlet channel is described by the matrix element which is suppressed by v 2 relative to the above-mentioned contribution:
↔ D is the antisymmetric left-right spatial covariant derivative. The cross section up to the order of v 2 can be written as
One should note, contributions in which the heavy quark pair is in color octet configurations have been analysed in [4] . Of these, the contributions via the channels 1 S The short distance coefficients F n appearing in the expression for the production rates may be extracted by the following matching prescription:
the cross section is calculated in perturbative QCD for the production of a free cc pair, where 2q is the relative momentum between the c andc in the centre of mass of the pair.
Expanding the cross section in powers of q and calculating the matrix element in NRQCD, one can extract the coefficients F n .
As in [11] , the four momenta of the heavy quark and antiqurark is
where Λ is the Lorentz boost matrix from the rest frame of the hadron to the frame in which the J/ψ is moving with four momentum P = ( 4(m 2 + |q| 2 ) + P 2 , P), where m is the mass of charm quark. The four momenta of the initial photon, initial gluon and final gluon are defined to be k, g 1 and g 2 respectively. The partonic Mandelstam invariants are defined in the standard manner:
Note that only two of these invariants are independent, their relationship being given by :ŝ
During the perturbative matching procedure we chooseû to be expressed in terms of the other two invariants and |q| 2 . The |q| 2 dependence will be subsequently factored into the matrix element P( 3 S
1 ) . Two contraction identities found in reference [11] will be used frequently during the matching calculation:
First we will consider the QCD side of the matching condition. The transition matrix for the process may be written, 
The terms a higher. Summing and averaging the spin and color degrees of freedom and integrating over the appropriate phase space volume, the cross section may be written:
For convenience, the notation suppressing the Pauli spinors and the sums over the spins has been employed [1] . The coefficients appearing in the transition matrix are related to the ones appearing in the above equation. Using the identities in eq. (9), the contraction of the Lorenz indices relates the A ij and b
The coefficient c (2) ijmn is related to a The first equality follows from the fact that a µαβ i and b µαβ imn are entirely imaginary. It must be kept in mind that the factor A ij still implicitly retains some q dependence which will become fully exposed once the contractions over the indices are carried out. The term A ij /2m
2 is a consequence of the change of variables: (p,p) → (P, q). Using rotational symmetry eq. (11) becomes
iijj + 3c
Only the leading order terms in |q| 2 have been kept in the contractions of c
ijmn and b
ii and c (2) ii defined to be
Eq.12 displays all the q 2 which will eventually be integrated in to the matrix element
1 ) . The coefficients have been expressed in terms of the invariantsŝ andt using the contraction identities. They are somewhat lengthy and will not be presented here.
Next the NRQCD side of the matching condition is considered. The cross section for the production rate, only including the contributions we are interested in, may be written
1 ) + (13)
It is necessary here, to take into account another color singlet matrix element with d n = 8,
The symmetric traceless tensor which is formed from the covariant derivatives is specified Using a non-relativistic normalization convention it is possible to realize the right hand side of the matching condition at leading order in perturbative NRQCD.
One may worry about the use of different normalization of states on either side of the matching condition. However this is not a problem as only physical quantities are being considered, and the Pauli spinors, which are not shown explicitly, have the same normalizations:
and η † η = 1. In [11] the matrix elements were defined with a relativistic normalization which then subsequently had to be related to to the matrix elements defined in NRQCD.
By comparing Eq.(16) with Eq. (12) we finally obtain the coefficients of the matrix elements. The leading order color singlet contribution is well known,
The strong coupling constant and the fine structure constant are given by α s and α. The charge of the charm quark in units of e is e c . It should be noted that instead ofû, which was used in previous derivations of this result, we have the combination 4m 2 −ŝ −t as a consequence of eq. (8) . The relativistic correction to this color singlet channel is found to be
This result is different to the one found in [8] . First, the relativistic correction here is parameterized by a matrix element defined in NRQCD, in the work [8] it is correspondingly a parameter ǫ defined as
The parameter ǫ was taken to be positive. As pointed out in [6] this parameter can be negative and can be defined as a matrix element in NRQCD which is different to the one appearing in Eq. (5). Secondly, the correction calculated in [8] is based on the model proposed in [13] , in which one only takes the effect of the momentum q into account, while the absolute energy of the charm quark is fixed as M J/Ψ /2 in the J/Ψ rest frame. In the context of NRQCD factorization one should also take the contribution of the spatial momentum to the quark energy into account, where the energy is m 2 + |q| 2 in the J/Ψ rest frame. In that sense one can not expect our result to be the same as that in [8] by setting m = M J/Ψ /2 and the parameter ǫ to be proportional to the matrix element P( 3 S
1 ) .
III. NUMERICAL RESULTS
Now some numerical results originating from the relativistic correction to the color singlet channel, calculated in section 2 shall be given. For the strong coupling constant and the charm quark mass we use, α s (m) = 0.3 and m = 1.48. The 1998 MRSA distribution functions are used for the gluon content of the proton [12] . For the purposes of comparison we use a value of P( 3 S 
1 ) = 0.7 GeV 3 , where v 2 =0.3. Figs 2(a) and 2(b) show the differential cross section, dσ/dz as a function of z = P.p proton /k.p proton , the fraction of energy the J/ψ has relative to the photon. Fig 2(a) is at the centre of mass energy for EMC, √ s = 14.7 GeV. As in the work by Ko et. al. [4] , a kinematic cut for the transverse momentum is imposed, p t ≥ 0.1 GeV. The K factor is set at K = 1.8. The dashed line shows the leading order contribution while the solid line is the sum of the leading order contribution and the relativistic correction. It is noticeable that for z ≃ 0.85 the leading order contribution intersects the total distribution.
Below this value of z the cross section is enhanced by the relativistic correction. For values of z greater than 0.85 the total is smaller than the leading order contribution. The reason for this is that the relativistic correction becomes negative for values of z greater than 0.85.
This conclusion is different to the one found in [8] . In their work, the large z region was enhanced by the relativistic correction. Fig 2(b) shows the dσ/dz for a typical HERA centre of mass energy √ s = 100 GeV with a transverse momentum cut of p t ≥ 1.0GeV. The K factor is the same as in the previous case. Here the cross over value is z ≃ 0.63. The contribution of the relativistic correction seems larger in this case than at the EMC energy regime.
The differential cross section for p +p → J/ψ + X at the Tevatron is dominated by the contributions from various color octet/fragmentation channels. The color singlet contributions proceed via diagrams similar to the one shown in fig 1. (a) except that the initial photon is replaced by a gluon. The cross section for the singlet channel including the relativistic correction may be obtained by multiplying F ( 3 S
1 ) and G( 3 S
1 ) by the factor 5α s /(96αe 2 c ) which takes into account the differences of the initial states in the two experiments. Fig   3 shows the transverse momentum distribution dσ/dp t multiplied by the muon branching fraction at the centre of mass energy √ s = 1.8 TeV in the pseudorapidity interval |η| ≤ 0.6.
As can be seen the correction is negligible in this kinematical region.
IV. CONCLUSION
In this work, the relativistic correction to the color singlet channel for J/ψ photoproduction was calculated in the NRQCD factorisation formalism. 
